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Lunar mean-motion resonances (MMRs) significantly shape cislunar dynamics beyond
geosynchronous orbit (xGEO), forming stable-unstable orbit pairs with corresponding in-
termingled chaotic and regular regions. The resonance zone is rigorously defined using the
separatrix of unstable resonant periodic orbits surrounding stable quasi-periodic regions. Our
study leverages the planar circular restricted three-body problem (PCR3BP) to estimate the
(stable) resonance widths and (unstable) chaotic resonance zones of influence of the 2:1 and 3:1
MMRs across various Jacobi constants, employing a Poincaré map at perigee and presenting
findings in easily interpretable geocentric orbital elements. An analysis of the semi-major axis
versus eccentricity plane reveals broader regions of resonance influence than those predicted by
semi-analytical models based on the perturbed Kepler problem. A comparison with high-fidelity
3-dimensional ephemeris propagation of several spacecraft — TESS, IBEX and Spektr-R — in

these regions is made, which shows good agreement with the simplified CR3BP model.
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H h,G,g L, ¢ Delaunay variables

T = inertial-frame period of spacecraft (TU - Non-dimensional Time Unit)
a = semi-major axis (DU- Non-dimensional Distance Unit)

e = eccentricity

i = inclination w.r.t. Moon’s orbital plane (rad)

k = number of geocentric orbits completed by spacecraft in Earth-centered inertial frame
ma, M< = mass of Earth, Moon (kg)

mi, mp = mass of primary, secondary

N< = Moon’s mean motion (s~ 1)

ri, 1 = distance from spacecraft to primary, secondary (DU)

{ = mean anomaly (rad)

€ = obliquity of the ecliptic (rad)

u = mass ratio of Earth—-Moon system

U4, P< = gravitational parameter of Earth (Gmg), Moon (Gm<) (km3/s?)

% = true anomaly (rad)

A = spacecraft’s mean longitude (rad)

w = argument of perigee (rad)

W< = angular velocity of Moon (rad/s)

= longitude of ascending node in synodic frame (rad)

@ = longitude of perigee in synodic frame(rad)

r,v = position (km) and velocity (km/s) vectors of spacecraft in Earth-centered inertial frame (km)
V< 280 = velocity of the Moon under circular motion assumption (km/s)

X, ¥, Z = instantaneous unit vectors for synodic frame

X9.2 = instantaneous rate of change of unit vectors for synodic frame

RSIA = rotation matrix to convert from geocentric inertial ecliptic to synodic frame
Rjgéw = rotation matrix to convert from geocentric equatorial to ecliptic frame
Subscripts

e = Earth

m = Moon

iner = inertial frame

syn = synodic frame

non — dim = non-dimensionalized



I. Introduction

The dynamics of cislunar space beyond geosynchronous orbit (xGEO) are fundamentally influenced by mean-motion
resonances (MMRs), a phenomenon previously underappreciated in Earth-satellite dynamics due to their negligible effect
on the traditional geocentric domains. However, for missions like IBEX and TESS, which operate within predominant
lunar MMRs, and others like Spektr-R, which seemingly navigates unstable resonance regions, recognizing the impact
of MMRss is crucial. Determining the stability of a space asset’s XxGEO orbit necessitates a thorough understanding of
the dynamical structure of MMRs, particularly the extent of stable MMRs and the surrounding chaotic regions across
various semi-major axis values.

Semi-analytical methods, such as Gallardo’s algorithm [[1]], have been used to assess the domains of influence of
predominant MMRs in planetary dynamics. Yet, these methods often presuppose constant eccentricity over resonant
timescales, which does not reflect the highly perturbed Earth-Moon environment of xGEO. Such approaches, moreover,
are fundamentally based on the perturbed-Hamiltonian formulation, which yields a local, rather than global, description
of phase space; they consequently underestimate the true regions of influence of MMRs. A global geometric dynamical
portrait can be furnished by semi-analytical approaches to the circular restricted three-body problem (CR3BP). Although
some methods incorporate the CR3BP model, they rely on narrowly defined initial conditions that generate localized
Poincaré maps specific to a given resonance [2], thus overlooking the intricate global dynamics of phase space. Typically,
a Poincaré map at y = 0 is employed [3]], although it provides limited insight into the dynamical structure of resonant
orbits. While [4] employs a Poincaré map at perigee to determine the precise widths of interior first-order resonances in
the Sun-Jupiter system, their analysis does not include visualizations of these maps in orbital elements, which offer more
interpretability. Additionally, these studies tend to neglect the presence of unstable resonant periodic orbits. While
[SH7]] demonstrates utilization of manifolds of unstable resonant orbits for natural transport, they focus on specific orbits.
Global quantification of chaotic resonance zones is entirely neglected, even though they are essential for understanding
transit across the extensive connected chaotic regions that prevail over a broad span of Jacobi constant values.

This study computes the semi-major axis stable resonance widths and the larger circumscribing unstable resonance
zones of influence for key lunar MMRs, specifically the 2:1 and 3:1 resonances, using the planar (P)CR3BP and
following known methods for its study [8-12]. By applying a Poincaré map at the perigee of osculating orbits [10, [12],
we delineate these regions in the plane of semi-major axis and synodic longitude of perigee @ (the longitude of perigee
relative to the Earth—-Moon line). Our Poincaré maps reveal resonance regions, notably the prominent 2:1, 3:1, and
4:1 resonance “islands”, through which we can determine the stable width of a resonance, defined as the semi-major
axis span of the “largest” (i.e., outermost) stable quasi-periodic torus. According to the Poincaré-Birkhoff theorem
[13L[14], stable resonant points (the centers of the islands) will alternate with unstable resonant points, which will be
embedded in a (perhaps large) chaotic set. These unstable resonant periodic orbits can be computed via symmetry, and

their stable and unstable manifolds calculated and visualized on the same Poincaré map. Chaotic (resonance) zones



are identified as regions enclosed by segments of stable and unstable manifolds that form the regions’ boundaries,
according to well-established dynamical-systems methods [[15,[16]. Resonance widths and the larger enclosing chaotic
resonance zones are computed across a range of Jacobi constants, subsequently correlating the widths with projections
of PCR3BP energy surfaces onto the osculating eccentricity (e) versus semi-major axis (a) plane. The directly computed
PCR3BP-based stable resonance zone widths are compared with semi-analytical predictions [[1,[17,[18]. Moreover, the
orbits of current XxGEO spacecraft like TESS, IBEX and Spektr-R, obtained via their two-line element (TLE) sets, are
projected onto the (a, e)-plane to ascertain their positioning within stable or unstable resonance regions. The perigee
mappings derived from higher-fidelity ephemeris propagations of TESS, IBEX and Spektr-R are superimposed onto the
Poincaré map and (a, e)-plane, further validating the PCR3BP stable resonance widths and chaotic resonance zones.
This paper is organized into nine sections. Section [[]introduces the problem’s motivation and reviews relevant prior
research. Section [[I] provides a concise overview of the CR3BP. Section [[II] outlines key aspects of Poincaré maps,
focusing on stable and unstable periodic orbits and on defining stable resonance widths and (larger) chaotic resonance
regions. Section |IV|examines MMRs in xGEO, highlighting both stable and unstable periodic orbits. Section
describes the methodology for computing unstable resonant orbits and their stable and unstable manifolds. Section
summarizes findings from a semi-analytical approach to MMR widths. Section discusses the methodology to
determine resonance widths and chaotic zones, maps them onto the (a, ¢) plane, and compares them with semi-analytical
widths and TLEs of TESS, IBEX and Spektr-R. Section [VIII|analyzes the high-fidelity trajectories of TESS, IBEX, and
Spektr-R using JPL Horizons ephemeris data and a Cowell 4-body propagation, mapping them onto (a, ¢) and (@, a)

planes. Finally, Section [[X]provides a summary of the paper’s main results.

I1. Planar Circular Restricted Three-Body Problem
The PCR3BP is the simplest model for motion in cislunar space whose dynamics capture the main qualitative
features of the true motion. It describes the motion of a massless spacecraft relative to two primary bodies (e.g., Earth
and Moon), viewed in a rotating reference frame centered at the center of mass (barycenter) of the two primaries. The
PCR3BP assumes that both primaries move in circular orbits with constant angular velocity about their barycenter, and
that the spacecraft motion is coplanar with their orbits.
For the equations of motion of the PCR3BP, we choose normalized units such that the distance between the two

masses m; and m; is 1, their combined mass is 1, and their orbital period about the barycenter (the sidereal period 7<)

is 2. The only parameter of the system dynamics is then the mass ratio u, defined as <l<+2<7 . For the Earth—-Moon
system, we use ¢ = 1.2150584270571545 x 10~2. We choose a coordinate frame rotating with the two massive bodies
as in Fig. [T] (Left), centered at their barycenter with m; and m lying on the x-axis at (—u, 0) and (1 — u, 0), respectively.

The PCR3BP second-order differential equations of motion for the spacecraft in normalized units are then



Fig. 1 (Left) Non-dimensional barycentered co-rotatingtG—Hrame. (Right) The geocentric osculating orbital
elements.
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In general, we refer to a point in the 4-dimensional, phase-space malif@d- . This point can be written in terms of
the rotating-frame Cartesian coordinates given above, G- H8-P. Alternatively, in the geocentric part ™ , one
can use instantaneous (i.e., osculating), geocentric orbital elements, e.§0—4— —%where0 is the semi-major
axis, 4 the eccentricity, the mean anomaly, argl the synodic longitude of perigee with respect to the rotating frame
positiveGaxis, as depicted in Fi§] 1 (Right). It also illustrates the distinction between synodic longitude of psr)gee (
and inertial longitude of periges g=44.

The Jacobi constant is proportional to the negative of the Hamiltonian energy of the system and is a constant of
motion of the CR3BP equations. In other words, for an initial conditiod M , this scalar value does not change along

the trajectory. The formula we use for the Jacobi constant of the planar prob@m is,

@ #f . 2)

LetM be the energy manifold or energy surface given by setting the Jacobi infggral (2) equal to a constant; i.e.,

M =f- 2MjCt-°= =constange 3

The surfaceM  can be considered as a 3-dimensional manifold embedded in the 4-dimensional phasé space

“We note that this de nition di ers from some authors (e.@,12,[19 [23]), who add a constant value!l " ©°, so that the Jacobi constant of
the! 4, ! 5 points is precisely 3. We adopt the convention most popular in current use among the cislunar astrodynamics community.



Any PCR3BP trajectory starting il will remain therein for all time, so one can study PCR3BP dynamics restricted
to each 3D manifoldM separately. For the geocentric portion\df interior to the Moon's orbit, dimensionality can
be further reduced by using a 2-dimensional Poincaré surface of section, described in Section .

The Tisserand approximation to the Jacobi constant in geocentric orbital-element space in the CR3BP model is

O —
10-498 = 2 01 4%°c0os8, $1 °— (4)

ol

which dynamically limits the range of motion a non-maneuvering spacecraft is capable of, depicted using the geocentric,
osculating orbital elements: semi-major a3, €ccentricity 4), and inclination §. In the PCR3BP, the inclination
is set to zero&= 0). The terms of order, $ 1" °, will be ignored when the Tisserand approximation is used to plot

projections oM onto!0- & space, which appear as curves, referred fdisserand curves

lll. The Poincaré Map and Key Dynamical Features

A. Surface of Section at Perigee
In our study, the Poincar'e surface of section is de ned at perigee crossings, identi ed when the geocentric mean

anomaly is zero (equivalently, when true anomaly= 0). The section, parametrized by the Jacobi constaiig

=f- 2M | =0g )

The Poincaré section so constructed is 2D, and can be represented by two coordinates that can be interpreted in
orbital-element space: the semi-major aXiand the synodic longitude of perigee the angle between perigee and the
Moon's location in the rotating frame (see Fig. 1). #&sis an angular variable, in the region of phase space we study,

has a cylindrical topology, i.ets—0° 2 (!  where R, and(? is the circle.

In practice, to detect and stop at crossings ofduring numerical integration, one needs a continuces;valued
function on phase space whose value, when evaluated along the trajectory, crosses zero as the trajectory crosses the
section. Both MATLAB and Julia, among other programming languages, allow user-provided functions to terminate
numerical integrations. However, note that the mean anomialyiot a continuous real-valued function on phase space;
itis an angle that repeatedly jumps fro2c to 0 along a trajectory. Thus, a di erent function must be used. Instead,

we will consider a continuous, real-valued function @hat vanishes at = 0, as described in Appendix.A.

B. Poincaré Map on the Poincaré Section
Poincaré maps simplify the study of the PCR3BP by transforming a 4-dimensional phase space into a more

manageable 2-dimensional analysis, elucidating periodic, quasi-periodic, and chaotic behaviors, and revealing the



Fig. 2 Poincaré map%on a Poincaré section inthe CR3BP.

intricate manifold structures that govern the system's dynamics. The sectiogpresents a 2-dimensional surface
transverse to the ow inside the energy maniftdd (cf. Fig. 2). LetGg 2 M denote an initial state, not necessarily
in . The Poincaré mapdG° = Bcorresponds to the rst crossing of by the trajectory originating & in a
particular direction. The unit vectd} gives the sense in which trajectories are crossing In general, we will consider

Poincaré mappings of to itself:

%: ! -
(6)
B7! %4 B

We establish important terminology below.

De nition 1 The orbit of a point B2 under%is the set of all the past and future iterates of the p&ohder the
map% i.e., the in nite sequence of pointks « « — %1 B— B—19®— %! B—« «g, also denoted a®'P®. See Figs. 2 and 3
(Left) for examples of points and their iterates under the ftaplote that the orbit oBis the same as the orbit 86 1B

forall : 2 Z, and all represent the same continuous trajectory within the energy manifld.

Some orbits ofbcontain only a nite number of distinct points. These correspond to periodic orb#siofthe

sense that the sequence repeats after a minimum integdrnumber of iterates.

De nition 2 A periodic orbit of%is a nite sequence of point®1?-° = f ?;—eee—gsuch that?. = %4?. .°for
2 :  =and?y=9%7?-° The period=pointsO1?-° represent a continuous periodic PCR3BP trajectory, a closed

loop, within the energy manifolil

This is a generalization of xed points, as the state returns to the initial (lgi® after=iterates of the Poincaré
map; i.e.,?1 = 9% 1?,°, where% denotes= compositions of4 % % % %(=times). For a periodic orbit, we
note that each of the poin®—+++—4s a xed point (a period-1 point) underiterates of the map, i.e?. = 947?.°,

where%= 9%, and thus we may occasionally refer to each one individually as a xed point.



If a periodic orbitO1?-° is of saddle-type, each of the poirtg—+ « « —22 O1?-° will have attached stable B1?L°
and unstablé, Pt?2g° invariant manifolds, foB= 1—« « « — sonsisting of orbits o%which tend asymptotically toward
01?-° forwards or backwards in time, respectively. It is known that for 2D Poincaré maps of 2 degree-of-freedom
Hamiltonian systems24, 25], some periodic orbit©1?-° are related to a general idea of resonance , even beyond just
the application to orbital dynamics. @1?-° is of center-type stability, this is a stable resonant orbiO1?-° is of
saddle-type stability, this is an unstable resonant orbit. It should be noted that all meémbers —of a periodic
orbit have the same stability type.

Let us focus for now on an unstable resonant orbit. There is a systematic way to obtain a resonance zone or, as
mentioned eatrlier, the chaotic resonance zone corresponding to the resonance via the stable and unstable manifolds of
01?-° We rst must de ne a certain type of intersection between the stable and unstable manif@d8¢t As the
stable and unstable manifoldsB1 2 and, P1?¢ are 1-dimensional curves within the 2-dimensional Poincaré section

, they will generally intersect transversally in pointsAn intersection point of the stable and unstable manifolds
of the saddle-type periodic ort@1?-° = f ?;— ¢« —gis termed a primary intersection point (PIP), denote iy

Fig. 3 (Left), if it meets the following criteria.

Fig. 3 (Left) PIP (@ and secondary intersection point @not a PIP). (Right) BIP (@ de ning a local boundary
separating regions' ; and ' ».

. N
De nition 3 Suppose@?2 , P17, B1?4, where?s- %2 01?-°, and let* »?g- @denote the segment of° ?2¢°
with endpoints?g and @and ( »? - @denote the segment pff1 2L with endpoints?g and @ Then@is called a

primary intersection point (PIP) if * »?g— @intersecty »? g— @only at the poini@and ?gif 8= 9).

Since PIPs are intersections of stable and unstable invariant manifolds, it follows from their de nition that all past

and future iterates of a PIP are themselves PIPs. The following lemma is proved in Wiggins 1990 [16].

N . . .
Lemma 1 Suppose@?2 , P12 | Bi?gPisaPIP;then% !@isaPIP forall: 2 Z.

We use PIPs to de nboundariessometimes called separatrices, and subsequently resonance regions. Any PIP

can be used to denote a local boundary. All intersections between stable and unstable invariant manifolds of the same

»A degenerate case occurs wheP12g° =, D1240 thatis, a 1-dimensional intersection an unbroken separatrix but this case is not
considered.



periodic orbit mark homoclinic points as they enable homoclinic transfers. For exa@ghe,@are a homoclinic

points for periodic orbiO(?-) in Fig. 3.

De nition 4 Suppose P1?2¢ and, B1?¢ intersect in the PIR@ De ne * »Pg— @P (»?9- @as a boundary

between two sides, regionl 1 and region' ». The PIP is then called a boundary intersection point (BIP).

By convention, for a BIP we pick the PIP with the shortest arc length of the manifolds, measured from the xed
points to the intersection; i.e., the shortest arc length fe?g— @? ( »?g- @ The BIP and the boundaryit de nes
allows for the local division of the Poincaré section into distinct regions ; and' », as illustrated in Fig. 3 (Right).

As there are always two branches each for a stable and unstable manifold, we can identify both a top and bottom
boundary. We denote the two branches of the unstable manifold of a pepoitht ?g by, ’D1?8° and, P1?2¢ and

similarly for ?g. Referring to Fig. 4, we suppose tha!Dl?SO intersects ’Bl?go and, B1?¢ intersects P12.

Fig. 4 Construction of a top and bottom boundary to a resonance region 1.

Choosing BIPS@ 2 , ’D1?8°N , P2 and@ 2, Bl?g"N , P12, we can identify boundaries: and  that
de ne a closed region 1, which we refer to as eesonance region

Within our cylindrical Poincaré section , we can have multiple resonance regions. Figure 5 shows an example
calculation R2] of two neighboring resonance regions corresponding to neighboring resonant orbits along with their
stable (green) and unstable (red) manifolds. The identify indicates that the synodic longitude of perigee is an angle
that maps back to itself. BIPs are identi ed (solid black dots) and the width of a (chaotic) resonance region containing
unstable resonant orb@*?-° is marked as the distance between the BIPG® 87-° having maximum and minimum
semi-major axes (the dashed lines in Fig. 5).

Resonance regions represent the dynamical sphere of in uence of a particular resonance. In the PCR3BP, they
contain within them the corresponding stable resonant periodic orbit and the surrounding stable quasi-periodic orbits,
the librational resonant tori. Outside of the largest (outermost) librational torus, there is a stochastic or chaotic layer.

The stable resonance width is given by the outermost closed curve of the stable resonance island, while the larger chaotic



Fig. 5 Resonance regions for a period-81?3° = f ?2,— 32— 3gand a neighboring period-1 orbit 01?,° = f 219

resonant region width is given by the semi-major axis width between the upper and lower BIP. This is illustrated in Fig. 6
which shows an example calculation on a Poincaré section at perigeshowing background points; initial conditions
followed over several iterates of the m&p The shaded region denotes the stable resonance width (corresponding
to stable period-1 resonant orb’if) and the dashed lines denote the chaotic resonance region (corresponding to its
unstable counterpaﬂio). Other stable period-points are also shown. The dynamics of motion into and out of the

resonance region are determined by lobe dynamics not addresse@ebeif documented elsewherg]] 21, 26 2§].

Fig. 6 Stable resonance widths and larger circumscribing chaotic resonance region widths.
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Intersections between stable and unstable invariant manifolds of di erent periodic orbits can occur. For example,
supposeD1?-2 andO1?-° correspond to two di erent continuous unstable periodic trajectories in the PCR3BP, as in
Fig. 5. Unless constrained by barriers within such as rotational invariant curves (RIC8) 10, 29 quasiperiodic
KAM tori that block transport along semi-major axis in the cylindrical phase space oft is possible for there to be
intersections between stable and unstable manifol@'6£° andO1?-°. Such intersections are denotechateroclinic
points and enable heteroclinic transfers. Although not explicitly labeled, one can observe several heteroclinic points in

Fig. 5 between the displayed unstable resonant ofbi&° andO1?,°, that enable heteroclinic transfers.

IV. Resonances in XxGEO
Mean-motion resonances in celestial mechanics result from gravitational interactions among celestial bodies, where
their orbital periods create speci c integer ratios. For instance, a 2:1 resonance signi es that one body completes two
orbits for every single orbit completed by another, thereby in uencing the stability and evolutionary trajectories of orbits
over extended duration; see Fig. 7. Of particular interest for space domain awareness (SDA) within cislunar xGEO
space are recurrent pathways between Earth and the Moon's orbit. Resonant orbits, being periodic or quasi-periodic by
nature, have a rich history in mission design applications, particularly within the Earth Moon system.

A mean-motion resonance, denoted as-, is de ned by the ratio of orbital periods, whereand: < are coprime

Fig. 7 (Top left) Con gurations of 2:1 stable MMR orbit at fractions of ) <. (Bottom right) Con gurations of
2:1 unstable MMR orbit at fractions of ) <.

11



positive integers respectively representing the number of spacecraft and Moon orbits completed around the Earth in

equal time in an Earth-centered inertial frame. In this paper, we study interior resonances, ywhere Expressed in

terms of the inertial-frame period of the spacecpaftand the sidereal period of the Moon, we have an approximate

relationship) ¢) < :<<:. When observed within the context of the CR3BP, resonant orbits do not adhere strictly to

the integer ratia < *: ; thus) ) < : <: is approximate. Instead, a spacecraft completes approximatelolutions

around the Earth in the time it takes the Moon to completeevolutions. In terms of the Poincaré map and section

described abové%— °, a resonant orbit is a periodorbit of %that takes approximately. sidereal lunar periods of

physical time. These orbits can be found via di erential-correction procedures that are well-known in the littdture [
Resonant orbits can be categorized as either stable (for interior resonances, characterized by a perigee oriented

towards the Moon in the rotating frame3(] or unstable (with an apogee oriented towards the Moon), as shown in

Fig. 7. A stable resonant orbit when linearized about its corresponding xed points on theO#2ys, will have

center-type stability. An unstable resonant orbit when linearized about its corresponding xed points on tiE fhap,

will have saddle-type stability. Unstable resonant orbits can be exploited in mission design for transfer scenarios, while

stable resonant orbits, as demonstrated by missions such as IBEX and TESS, ensure sustained operational stability. For

example, IBEX eventually transitioned into a stable 3:1 resonant orbit, allowing for its prolonged mission d@@tion [

Similarly, TESS has maintained a stable 2:1 resonant orbit since its inception via a lunar yby [31].

V. Unstable Periodic Orbits and Manifolds

In the PCR3BP, to understand the structure of unstable resonant orbit families and the heteroclinic dynamics induced
by them, one needs to compute the corresponding periodic orbits as well as their stable/unstable manifolds. To compute
a family of : :: « unstable periodic orbits in the Earth Moon PCR3BP, we start with an orbit state from the Earth
Kepler problem having semi-major axissuch thaft0s 0. °*2 = 1: _«: © whereO< = 1in non-dimensional units, and
initial longitude of periapsis and true anomaly batkfor the interior MMRs considered in this study). This orbit will
be symmetric about th&axis and will also be periodic in the rotating Kepler problem (i.e., PCR3BP with0).
Thus, the method of perpendicul@axis crossings can be used to numerically continue this Keplerian orbit to the true
value of* = 12150584270571545 10 2 for the Earth Moon system; see, for example, Section 2.6.6.2 of Parker and
Anderson B2] for details of this method. The same method is then used to continue the resulting PCR3BP orbit through
the rest of its orbit family, using the perpendicular ofBintercept as the continuation parameter.

Once the periodic orbits in a family.: < have been computed, the computation of their stable/unstable manifolds
is carried out. In particular, we compute the intersection of these manifolds with the previously mentioned perigee
Poincaré surface of section . Such sections have been used by, e.g., Ross and Schigrasd Howell et al. 3] as
well; they have better transversality to the PCR3BP ow as compared to other commonly used sectiongsti€h as

When using such a section, however, the periodic orbit intersection points with the section are not xed points of the

12



Poincaré mag4 but become period-orbits under the map, as discussed in Section Ill. This is because such.an
orbit passes through perigedimes during one period, which takes approximatelylunar sidereal periods.

The portions of the periodic orbit stable/unstable manifolds lying in the chosen Poincaré section correspond to 1D
curves one curve for each of the period-points within the section. To compute these manifolds accurately, we used
a parameterization method84] developed by the second auth86] for computing Taylor-series approximations of
periodic orbit stable/unstable manifolds, which was extended from algoritBéhsi¢veloped for manifolds of Poincaré
map (period-1) xed points. Although a full description is beyond the scope of this paper, in brief, given an unstable

resonant periodic orbit at Jacobi constanive solve for a function :fO—eee—:1g RI!M R* such that

Qget, 8-B=, 18, 1 mod:—_B 82f0-eee—: 1g- @)

whereqct- ° is the PCR3BP ow map of a poinrt 2 M by time G g'& is the time elapsed between t&h and
18, 1°th periapsis passes of the periodic orbit being considered, aadhe : th root of the monodromy matrix
eigenvalue corresponding to the stable/unstable manifold. Note thag#ferenot Poincaré maps, but xed-time
maps. Equation (7) can be solved recursively by expressiag a set of Taylor series depending on the int&ger
o
, 18—B= , 188 82f0-see—: 1g- (8)
<=0

where, o'® = ?g are the periapsis period-{oints of the periodic orbit, and ;'® are scaled eigenvectors of
the periodic orbit monodromy matrix at each of its periapsis passages, witBB* for < 2 corresponding to
higher-order terms in the stable/unstable manifold approximation.

The: curves parameterized by lie near but not on , the periapsis section of interest. Thus, to nally compute
the manifolds on the section, one simply numerically integrates dense grids of points from those curves either backwards
or forwards to the section. Then, further applications of the Poincaré%mner forwards or backwards in time
are used to respectively globalize the full unstable and stable manifolds. As usual, for each xed Jacobi constant
value , one can plot these Poincaré map manifolds of various orbits at thakue using just 2D coordinates on .
Intersections of the 1D manifold curves, D'@?E;Og, will provide the geometry (e.g., PIPs, BIPs, homoclinic points,

heteroclinic points) as discussed in Section Ill.

VI. Semi-Analytical Approach to ldentify Resonance Widths
Standard tools have been developed in celestial mechanics to calculate the width (strength) and location of MMRs,
under the perturbed-Hamiltonian formulatidh 87, 38]. They all invariably employ an expansion of the Hamiltonian

around each resonant location ancbaonical transformatiomo reduce the Hamiltonian to a system with only one

13



single harmonic (i.e., normal-form reduction). While the mathematical developments here are straightforward, they can
be algebraically quite complicated, especially for distant xGEO orbits of high eccentricity and inclination.
The semi-secular Hamiltonian describing the resonant dynamics near. thd MR is [18]

1
1 2C: <

kio-fo= -4 = P—0 Rio-f- Ri0-fo=

LI -1 —foo _
20 e 2 < o —<m <1 )

. o P .
where’ 4 = < 4is the Earth's gravitational parametet, = 4202 is the Moon's mean motion,« and_ are the

Moon and satellite mean longitudes respectively, ‘anslthe Moon's disturbing function

< 1 r re
"= P — b 10
e rj M (10)

The resonant disturbing functioR 10— f°, can be written as a series expansion of cosines whose critical arguments
are of the type:
f=:c <, W- (1))

whereWis a slowly evolving angle de ned by a linear combination of the longitudes of the ascending ngdgsnd
longitudes of perigee g=4a= s=4a, | g=4n0f the satellite and Moon.

Gallardo [L7, 18] uses a numerical computation for the averaging in (&y.assuming that the Moon's orbit is
Keplerian and lies in the ecliptic plane, and taking for the spacecraft the semi-major axis corresponding to the nominal
position of the resonance, and assuming the satellite's eccentricity, inclination, periapsis, and node are xed during the
period of time in which the integral is calculated. This is justi ed in the asteroid case by the otherwise slow evolution
timescale of4—8—1-°, as compared to the oscillations®@andf .

For the Earth Moon system, the resonance widths calculated using Gallardo's algorithm are shown in osculating
semi-major axis-eccentricity0— 2 space in Fig. 8, using the mean orbit of the Moon (i0e.,= 38339%7725km,

4. = 0-05554552% as input parameters for the perturb8g]] The satellite's inclination was set to zero and the
tolerance criterion was setto 2.0 (twice the Moon's Hill radius; ), to avoid erroneous results that occur near close
encounters (sed g] for a more detailed discussion). The phase-space structure of the widths of 3:1 and 2:1 resonances
generally resemble those in the small-body context (e.g., hour-glass shéfiebyf the 1:1 (co-orbital resonance) is
dramatically over predicted with its width encompassing the entire lunar Hill sphere=(0<1587DU, in semi-major

axis ranging from 0.83 to 1.15 DU).

The other resonances appearing in Gallardo's atlas, limited herein to order 5, will not be discussed further. The
time histories of notable xGEO resonant satellites (IBEX, Spektr-R, and TESS), obtained from TLE data (www.space-
track.org, Assessed 10 Mar. 2023), are overlaid; it can be observed that TESS lies within the predicted libration zone of

the 2:1, but the predicted 3:1 width does not fully encompass the other spacecratft.
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Fig. 8 TLEs of TESS, IBEX and Spektr-R, superimposed on Gallardo's widths in the!0— 4 plane.

VII. Direct Identi cation of Resonance Widths and Chaotic Zones

We calculate and plot intersections of numerous PCR3BP orbits with the Poincaré secfmma range of Jacobi
constants, revealing various resonances; seésth8°-plane in Fig. 9, wheres is the longitude of perigee in the
rotating frame. The most prominent resonances are the 2:1, 3:1, and 4:1 MMRs (4:1 MMR is identi ed but will not be
discussed further.). The stable resonances are particularly apparent as islands of concentric closed curves surrounding
center points that are stable period-2, period-3, and period-4 orbits, respectively. The closed curves surrounding the
stable xed points are stable quasi-periodic librational tori (recall Section IV). Surrounding these resonance islands are
regions of chaos. These regions are not featureless. Instead, the template of the motion is given by the corresponding
unstable MMR periodic orbits, which appear as saddle-type peripdints on the Poincaré section . Using the
method of Section V, these periodic orbits and their manifolds are computed. The stable and unstable manifolds intersect
to form homoclinic and heteroclinic tangles, which provide the paradigm for understanding chaos in the OREBP |

The existence of a particular mean-motion resonance can be identi ed by examining the Poincaré section, which also
reveals its strength (width). Resonance widths as de ned in Section Il (Fig. 6), are shown for the 3:1 (shaded yellow)
and 2:1 (shaded cyan) MMRs on Poincaré maps computed f08400-3405-3°10-315in Fig. 9. The extent of the

outermost invariant circle of the stable island in semi-major axis is identi ed visually to compute the resonance widths.
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Fig. 9 Poincaré sections depicting resonance widths and chaotic zones of the 2:1 and 3:1 MMRSs.

The in uence of each resonance region extends beyond the outermost stable resonant librational torus regions to the
separatrix , the boundary formed by the intersection of stable and unstable manifolds described in Section Il (see
Fig. 5). Focusing on the MMR bands, we use the methods of Section Il to identify BIPs and designate the boundary of
the (chaotic) resonance region. BIPs de ning the chaotic zones are depicted on the same Poincaré maps in Fig. 9. For

3+10the upper 2:1 BIP disappears. In fact, we see a swirling of manifolds that is a consequence of interaction
with the L1 Lyapunov stable manifold cut resulting in trajectories exiting the Poincaré section in the Earth realm,
entering the Moon realm, and then re-emerging in the Earth realm.

While the resonances are identi ed and visualized in'theQ° space, we also aim to represent them in‘e 2
plane for direct comparison with space-object distributions and the semi-analytical resonance widths shown in Fig. 8.
The points from the Poincaré section, which exist in the 3-dimensidrad—6space for each, can be projected
onto the!'0- 4 plane, as illustrated in Fig. 10. In this gure, the stable resonance widths (shaded yellow and cyan)
and the BIPs that bound the resonance zones are delineated. As discussed in Section Il, Tisserand curves provide an
approximation of the projection of the energy surfte onto thet0— 4 plane. For each Jacobi constanin Fig. 10,
we include the corresponding Tisserand curve to highlight the agreement, particularly for smaller semi-major axes.

The results in Fig. 10 illustrate our method, but the number of Jacobi constants is sparse. To get a fuller picture of
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