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Abstract

In this paper, we show a low energy Earth—-Moon transfer in the context of the Sun—-Earth—Moon-spacecraft 4-body system. We con-
sider the 4-body system as the coupled system of the Sun—-Earth-spacecraft 3-body system perturbed by the Moon (which we call the
Moon-perturbed system) and the Earth-Moon-spacecraft 3-body system perturbed by the Sun (which we call the Sun-perturbed system).
In both perturbed systems, analogs of the stable and unstable manifolds are computed numerically by using the notion of Lagrangian
coherent structures, wherein the stable and unstable manifolds play the role of separating orbits into transit and non-transit orbits. We
obtain a family of non-transit orbits departing from a low Earth orbit in the Moon-perturbed system, and a family of transit orbits arriv-
ing into a low lunar orbit in the Sun-perturbed system. Finally, we show that we can construct a low energy transfer from the Earth to the
Moon by choosing appropriate trajectories from both families and patching these trajectories with a maneuver.

© 2017 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

In designing trajectories for space missions, reducing the
energy required, in other words, the fuel, is an important
issue. A long-standing focus of much attention is the prob-
lem of designing spacecraft trajectories from the Earth to
the Moon. Typically, the patched conic approximation
has been used to design such transfer trajectories, in which
the Earth-Moon-spacecraft(S/C) 3-body system is mod-
eled approximately as the Earth-S/C and Moon-S/C 2-
body systems. However, it is known that trajectories
designed with the patched conic approximation may
require excessive amounts of energy in transferring to the
Moon and also that the resulting trajectory may not be
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accurate enough for the transfer design (e.g., Bate et al.,
1971). Belbruno and Miller (1993) developed a low energy
spacecraft trajectory by considering the Sun’s gravitational
effect as a perturbation to the gravitational effects due to
the Earth and the Moon. The concept of a Weak Stability
Boundary (WSB), which is a transition region between
gravitational capture by and escape from a planet
(Belbruno, 1987), was used to construct the lower energy
transfer to the Moon. The transfer was implemented in
the Japanese Hiten Mission in 1991. Later, another
Hiten-like trajectory was developed by Koon et al. (2001)
in the context of the coupled planar circular restricted 3-
body system, in which the Sun-Earth-Moon-S/C 4-body
system can be modeled approximately by the coupled sys-
tem of the Sun—Earth-S/C and Earth-Moon-S/C 3-body
systems. In particular, they employed so-called tube dynam-
ics, in which stable and unstable manifolds of cylindrical
topology separate transit and non-transit orbits to
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construct arbitrary trajectories. Mingotti et al. (2009)
implemented low-thrust propulsion within the framework
of the coupled 3-body system to design a low energy
Earth—-Moon transfer, and obtained an optimal transfer
in the 4-body system using the Earth-Moon transfer con-
structed in the coupled 3-body system as the first candidate.
A low-energy transfer in a system using body ephemerides
was constructed by Parker (2009), which used the stable
manifold and a similar procedure to the coupled 3-body
system proposed by Parker (2006). Subsequently,
Onozaki et al. (2016a) developed a systematic design
method for the 4-body system by extending the concept
of the coupled 3-body system: The Sun-Earth-Moon-S/
C system was regarded as the coupled system of the Sun—
Earth-S/C system with the Moon’s perturbation (here-
inafter referred to as the Moon-perturbed system) and the
Earth-Moon-S/C system with the Sun’s perturbation
(hereinafter referred to as the Sun-perturbed system), which
was referred to as the coupled 3-body system with
perturbations.

On the other hand, for various practical reasons related
to the design of low energy trajectories, we require bound-
ary conditions such that the spacecraft departs from a Low
Earth Orbit (LEO) and arrives into a Low Lunar Orbit
(LLO). In this situation, we seek an optimal trajectory
among the possible trajectories subject to these boundary
conditions. Topputo (2013) numerically obtained a global
set of optimal solutions for the boundary conditions in
the 4-body system by using direct transcription and multi-
ple shooting, and related the solutions with previously pro-
posed transfers. Onozaki et al. (2016b) showed that there
exists an optimal trajectory for the coupled 3-body system
in the sense that no AV is required to patch the trajectories
between the Sun-Earth-S/C and the Earth-Moon-S/C
systems.

Now, we also note recent developments in the theory of
(hyperbolic) Lagrangian Coherent Structures (LCS), which
were proposed by Haller (2001). The LCS indicate separa-
tion structures typified by stable and unstable manifolds, as
a computational tool for detection of the invariant mani-
folds (and their analogs) in non-autonomous systems such
as a 4-body system. Shadden et al. (2005) elaborated a the-
ory of LCS wherein they are defined as ridges of Finite
Time Lyapunov Exponent (FTLE) field and illustrated
the computation of LCS by some examples of two-
dimensional fluids. In contrast, Haller (2011) proposed a
variational theory of LCS in terms of the Cauchy—Green
strain tensor, since the ridges of FTLE fields may lead to
false positives and false negatives in the detection of
LCS. Farazmand and Haller (2012) showed the computa-
tion of LCS based on the variational theory. An extension
to elliptic LCS and 3-dimensional flows was made by
Blazevski and Haller (2014). For applications to astrody-
namics, it was shown by Gawlik et al. (2009) that LCS
from the ridges of FTLE fields can be computed in a
4-dimensional phase space for the non-autonomous planar
elliptic restricted 3-body system. Similar computations of

the LCS for the circular 3-body system were made by
Onozaki and Yoshimura (2014) and Short and Howell
(2014) and others. Short and Howell (2014) also demon-
strated the computation in the 4-body and ephemeris sys-
tems. Oshima and Yanao (2014) investigated the gravity
assists concerned with the LCS for 4-body systems. A false
positive for the ridges of the FTLE field due to a primary
mass was investigated by Pérez et al. (2012). Further devel-
opments relevant to the LCS were made; for instance,
Short et al. (2015) applied eigenvectors of the Cauchy—
Green tensor to flow control segments to effectively find a
connecting condition of trajectories. Pérez et al. (2015)
developed another detection tool of the separation struc-
tures by using the Jet Transport which indicates the image
after the advection of the neighbor set around an initial
point by a flow.

In this paper, we present the design of a low energy trans-
fer from the Earth to the Moon by using the coupled 3-body
system with perturbations for modeling the restricted 4-
body system under the planar assumption. In particular,
we consider a low energy trajectory subject to the boundary
conditions that the spacecraft departs from a LEO and
arrives into a LLO. In Section 2, we briefly review the Pla-
nar Circular Restricted 3-Body System (PCR3BS) in the
context of tube dynamics. In Section 3, we derive the equa-
tions of motion of the planar bicircular restricted 4-body
system with respect to two different rotating frames together
with a coordinate transformation. In Section 4, the tubes
(i.e., the stable and unstable manifolds of the perturbed sys-
tems) are obtained by numerically extracting the LCS from
the FTLE field. Then, we demonstrate how the obtained
LCS separates orbits. In Section 5, a trajectory design from
the LEO to the LLO is shown in the framework of the cou-
pled 3-body system with perturbations. Using the charac-
teristics of the tube structures, we obtain the family of
trajectories that depart from the LEO and the family of
those that arrive into the LLO. Finally we show how a
low energy Earth-Moon transfer can be constructed by
choosing an appropriate orbit from each family such that
the required AV is minimized under given conditions.

2. Planar circular restricted 3-body system
2.1. Mathematical model

We begin this section with a brief review of the dynamics
of the PCR3BS that is used to analyze the motion of a
spacecraft subject to the gravitational pull of two masses.
In this paper, we focus upon the planar case, in which we
assume that the two masses move at constant angular
velocity on the same plane in circles around their common
mass center, and also that the spacecraft of a negligible
mass moves in the same plane, as shown in Fig. 1. Let m,
and m, (mp; < m;) be the primary and secondary masses,
respectively. Choose the unit of mass as m; + m, and the
unit of length as the distance between the primary and sec-
ondary masses. The unit of time is set so that the orbital



K. Onozaki et al. | Advances in Space Research 60 (2017) 2117-2132 2119

S/C

q my T

(1—1,0)

(~1,0)

Fig. 1. PCR3BS.

period of masses becomes 27. Then, the system becomes
nondimensional with the gravitational constant G set to
unity. Let ¢ = (x,y) € O =R* be the position of the
spacecraft in the frame that rotates with the masses, and
denote by ¢ =dg/dt = (v;,v,)" € T,0 =~ R’ the velocity
with respect to the nondimensional time ¢ In the
above, Q = R? denotes the configuration space and 70 =
R? x R* the velocity phase space (the tangent bundle) of
Q. Introducing the mass parameter by p = my/(m; + my),
as in Szebehely (1967) and Koon et al. (2011), the equation
of motion in the rotating frame is

. 1—
G200 —q— - #)3(q—q1)— (¢ — ),
lg —al g — 4|

(1)

where

- ( 0 1)

Q= .

-1 0
In the above, ¢, = (—u,0)" and ¢, = (1 — ,0)" indicate

the positions of the primary and secondary masses, respec-
tively. The energy of the spacecraft is given by the sum of
the kinetic energy and the effective potential consisting of
the centrifugal and gravitational potentials as

Ry
la—al la—al

. 1.. 1
E(q,q) = §|Q|2 —§|4|2

which is preserved along the solution curves of the
PCR3BS. For the Sun-Earth-S/C system, the mass param-
eter is p = mg/(ms + mg) = 3.02319 x 107%, and for the
Earth-Moon-S/C  system the mass parameter is
= my/(mg + my) = 1.21536 x 1072

2.2. Invariant manifolds and tubes

It follows from Eq. (1) that there exist the three
Lagrange points (Li,L,,L3) on the x axis together with
the equilateral triangle points (L4, Ls). Setting the energy

E to some constant value Ey, we can define an energy sur-
face £ C TQ as

5(.“7E0) = {W = (xaya Uxavy) € TQ|E(xay7 Uxavy) = E0}~

Letting 7:70 — O; (x,y,0y,0,) — (x,») be the tangent
bundle projection, one can define Hill’s region by project-
ing the energy surface &(u,Ey) onto @ such that
7(E(1, Ey)) C Q. The forbidden region in which the space-
craft energy does not permit its motion is thus defined as
the region excluding Hill’s region from the configuration
space. In this paper, we choose an energy E| slightly greater
than the energy at L, so that the spacecraft passes near L,
and L,, as shown in Fig. 2.

The collinear Lagrange points (L;, Ly, Ls;) are unstable
saddle x center equilibrium points. If the energy level is
fixed consistent with E,, then unstable periodic orbits,
called Lyapunov orbits, exist around both L; and L,. One
can obtain the stable and unstable manifolds associated
with the Lyapunov orbits, which are homeomorphic to
S' x R and hence are called tubes. Hill’s region can be
divided into five regions by vertical lines (parallel to the
y-axis). Sets of two lines are on the right- and left-hand
sides of each Lyapunov orbit, as depicted by the dashed
lines in Fig. 2. Then, two neck regions are defined as the
regions that are bounded by each set of vertical lines and
include L; or L,. The other regions, excluding the neck
regions, are classified as the P, region including the primary
mass, the P, region including the secondary mass, and the
X region outside the P; and P, regions. Here we introduce
the notation W;, for the stable manifolds that asymptoti-
cally approach the Lyapunov orbit around L;, (i =1,2)
from the A(= Py, P,,X) region and W7}, for the unstable
manifolds that depart a Lyapunov orbit around
L, (i=1,2) toward the A(= Py, P,,X) region. In Fig. 2,
the Lyapunov are shown in orange, whereas the stable
and unstable manifolds orbits projected onto the x-y plane
in light-green and red, respectively.

The manifold tubes separate orbits into transit and non-
transit orbits (e.g., Conley, 1968; Koon et al., 2011).
Namely, an orbit inside the tubes is a transit orbit. For
example, if a spacecraft is inside the tube in some region,

Kt i Forbidden region ¥
07 08 09 1.0 11 12
x

Fig. 2. Flow around the secondary mass.
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it is transported to another region through a neck region.
On the other hand, an orbit existing outside the tubes is
a non-transit orbit, where a spacecraft in a region remains
in the same region or returns to the same region through a
neck region. For the rest of this paper, we do not specifi-
cally mention the transportation through a neck region.

In Fig. 2, we show that a Poincaré section U C E(u, Ey)
is set to detect the tubes on the 2-dimensional space given
by

U:={w=x,py0,0,) €E(WE) | x=1—p,y<0,v, >0}

Define the j-th intersection of the stable manifold
Win (i=1,2 and A=P,P,,X) with U by
I = Wi, NU and also define by 'y = W¥, NU the j-th
intersection of the unstable manifold W7}, (i=1,2 and
A =P, P,,X). We illustrate Fii,z in Fig. 3 and choose
points w' inside F;:‘}z and w" outside F;j‘f,z. The transit orbit
from the P, region to the X region integrated from w' and

the non-transit orbit staying in the P, region from w" are
colored cyan and black, respectively, as shown in Fig. 2.

3. Bicircular model for the planar restricted 4-body system

We consider the bicircular model (Huang, 1960; Sim¢o
et al., 1995) for the restricted Sun-Earth-Moon-S/C
4-body system as illustrated in Fig. 4, where the Sun and
the barycenter of the Earth and the Moon (Earth-Moon
barycenter) rotate on the circular orbits around the
center of mass (CM) of the whole system. The distance
between the Sun and the Earth-Moon barycenter is
given by as 2 1.49598 x 10° km and the angular velocity
of the Sun and the barycenter is denoted by
ws 22 1.99640 x 107" rad/s. The Earth and the Moon
rotate on the circular orbits around their barycenter
with the angular velocity my 22 2.66498 x 10~° rad/s, and
the distance between the Earth and the Moon is
am = 3.84400 x 10° km. The masses of the Sun, the Earth
and the Moon are ms= 199976 x 10* kg, mg =
597219 x 10* kg and my = 7.34767 x 10? kg, respec-

-0.08

Fig. 3. First intersection of the stable manifold W3, with U.

Fig. 4. Bicircular model.

tively. We assume that the spacecraft and the planets move
on the same plane.

We will show that this bicircular model of the restricted
4-body system can be regarded as two different perturbed
3-body systems by splitting the motion of the spacecraft
into mathematical models described in two different rotat-
ing frames.

3.1. Moon-perturbed system and the S—Bgy, rotating frame

We normalize the system quantities by choosing the
mass unit as mgs + mg + my, the length unit as ag, and
the time unit as 7's = 2n/ws such that the gravitational
constant G is unity. We define the mass parameters
by us = (mg +my)/(ms +mg +my) = 3.02319 x 10°¢ and
tiyg = myg/ (mg + my) = 1.21536 x 1072, By this normaliza-
tion, the distance between the Earth and the Moon
becomes oy = am/as. The angular velocity of the system
of the Earth and the Moon 1is selected to be
@y = wm/ws. Denoting the normalized time by 7, the angle
with respect to the line connecting the Sun and the Earth—
Moon barycenter is given by Oy = (@my — 1)7 4 Oy, Where
Ono indicates an initial value of 0y (7). As shown in Fig. 5,
we set a local coordinate system that rotates with the Sun
and the Earth-Moon barycenter, which we shall refer to
as the S-Bgy rotating frame.

SIC ,_
g /Q\\\i\(x7y)
LM
é\ 01\1
7 x
oo B (1—ps0)
S
(_MS70)

Fig. 5. Bicircular model in the S-Bgy rotating frame.
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Denoting by g = ()*c,j/)T € Q the position of the space-
craft in the S-Bgy rotating frame and Dby
g =dg/di = (t:,0;)" € T,Q the velocity, the equation of
motion of the spacecraft in the S-Bgy rotating frame is
given by

_ s l—ug), us(l —ppy) o~
q/’—ZQq—q:—(, ,SZ(q )—S;(—,“,f)(q—qﬁ)
7 — gs| |7 — ge
Hshv -
_|q SZ]M|3 (C]_qM)7 (2)
- 4M

where the positions of the Sun, the Earth and the Moon are
indicated by

7 :(_MS7O)T7
g =((1 — s) — o ptng 08(Ona), —onna ey sin(Or))
i =((1— pts) + o (1 — pipg) c05(Or ), or (1 — i) sin(By))

respectively.

The energy in the S-Bgy rotating frame is defined by
= Lo 1 1 —ug)  ps(l—p Hsh
ESE:§|q|2—§|q‘2—(_ _S)_ S(_ _M)__Siv[ )

g — gs| g — gl 17 — qm|

(3)

Note that this energy is not conserved along a solution
curve because the system is non-autonomous.

If uy =0, (i.e., the Moon is neglected), then Eq. (2)
coincides with the equation of motion of the Sun—Earth—
S/C 3-body system. Therefore, the bicircular model can
be considered as the Sun—Earth—-S/C system perturbed by
the Moon. In this paper, we refer to the bicircular model
in the S-Bgy rotating frame as the Moon-perturbed system.

3.2. Sun-perturbed system and the E-M rotating frame

Now we revisit the bicircular model by introducing the
E-M rotating frame, i.e., the local coordinate system rotat-
ing with the Earth and the Moon as shown in Fig. 6.
Choosing the mass unit as mg + my, the length unit as
am, and the time unit as Ty = 2n/wy, the gravitational
constant G becomes unity. Then, the distance between

S
S/C
y (@,y)
, as\ g
T — Oy
(1=, 0)
\t
E
(_/“M7 O)

Fig. 6. Bicircular model in the E-M rotating frame.

the Sun and the Earth-Moon barycenter becomes
os = as/am and the angular velocity of the system of the
Sun and the barycenter can be described as ws = ws/wwm.
Note that as = oy, and @s = @y, .
Lettel=1ty—T,tp+ T] C R be the time in the E-M
rotating frame, where #, denotes the origin of the time
interval (which is usually set to zero) and 7 > 0 denotes a
certain time interval. Then the relative angle between the
masses is given by Oy (?) = (1 — @ws)t + Opmo. Denoting by
g = (x,y)" € O the position of the spacecraft in the E-M
rotating frame and ¢ = dq/dt = (v,,v,)' € T,0, the equa-
tion of motion in the E-M rotating frame is obtained as

.. =, I—pu U
§-20¢-q=—""A(q—qr) ———(g—qu)
lg — gl g — qml
1—pu I—pu
———S3 (g —q5) ——>gs, (4)
tislg — gs| s 0%

where ¢g,qg, and gy, indicate the position vectors of the
Sun, the Earth, and the Moon, respectively, and are given
by

gs =(—05 c0s(Owr), o5 sin(On))

9e :(_:uMa O)Tu

gum =(1 — #M7O)T'

We define the energy in the E-M rotating frame (Simo
et al., 1995) by

I, 1 1 —pn U 1—pu
EEM=§|Q|2—§|Q|2— e -
lg—gqel g —aul  uslg — g5l
1 — g
ds:49);
o lasa)

which is not conserved along a trajectory.

If we choose ug =1 (i.e., the Sun is neglected), then Eq.
(4) is the equation of motion of the Earth-Moon-S/C
system. Thus, we can consider the bicircular model in the
E-M rotating frame as the Earth-Moon-S/C system
perturbed by the Sun, which we shall refer to as the
Sun-perturbed system (see also Qi et al., 2012).

3.3. Coordinate transformation

Now we show the coordinate transformation between
the Moon-perturbed system and the Sun-perturbed system.
The transformation of time is given by

_ s
t =—1 = wgl.
WM

The transformation of the position vectors is

_ a N 1

qg=4qs+ a—MC(t)q =(qs+ a—C(t)q, (5)
where g = (1 — 15,0) " denotes the position of the Earth—

Moon barycenter in the S-Bgy rotating frame and C(¢) is a
rotation matrix given by
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() = (cos Om(2)

sin QM (l)

—sin OM(t)>.

cos Oy (2)

The velocity transformation is obtained by differentiating
Eq. (5). The coordinate transformation for the velocity
phase space, @:TO X1 — TO X1, (x,p,vy,0,,t) > (X,9,0x,05,1),
is given by

1 ~

q =—C()(q— (1 - m5)Qq).
UsTs

4. Tube dynamics in the perturbed systems

In a perturbed 3-body system (i.e., either the Moon-
perturbed system or the Sun-perturbed system), a torus,
which may be close to a periodic orbit (i.e., a nearly peri-
odic orbit), exists instead of the periodic Lyapunov orbit
of the PCR3BS. However, we expect that there will still
be analogs of stable and unstable manifolds of the torus
which will act as separatrices between transit and non-
transit orbits, similar to the PCR3BS. Thus, we numeri-
cally demonstrate this separation by using the LCS con-
cept, where an LCS approximates the generalized notion
of invariant manifolds of time-dependent systems. Note
that although the stable and unstable manifolds vary with
time, these manifolds are invariant in a system eliminated
time dependency by a transformation. Thus, we described
these manifolds as the invariant manifolds.

In this paper, we compute the LCS as the ridges of
FTLE fields (Shadden et al., 2005). The LCS may include
false positives as described by Haller (2011), Pérez et al.
(2012), while we extract the objective LCS from the inner-
most local maximum of FTLE fields by assuming that the
intersection of the stable and unstable manifolds with a
Poincaré section is homeomorphic to a circle.

4.1. Finite time Lyapunov exponents

To detect an LCS, we need to compute FTLE, which
indicates the expansion ratio of the distance between two
close points at some time and their distance after being
advected by a vector field for some duration. We refer to
Shadden et al. (2005) and Tallapragada and Ross (2013)
for the definition of the FTLE.

Let D be an open subset of a phase space M C R" and
w= (wy,...,w,) be an element of D. Consider a time-
dependent dynamical system

{W(l; to,wo) = f(w(t; o, Wo), 1),
w(to; to, Wo) = W,

where w(t; ¢y, wp) is a smooth solution curve starting at an
initial point wy € D at time # and f(w,t) is a given

8[ to+T(W)]i N [ to+T ’Wn)]. _ [ to+T

fo

(Wl,...

K. Onozaki et al. | Advances in Space Research 60 (2017) 2117-2132

time-dependent vector field. Then, the point wy, moves to

another point after a finite time interval T by the flow map:
T

¢§g+ :D — Dj

t0+T

Wy l—)(t)to

(wo) = w(to + T g, wp).

The FTLE denotes a finite time average of the maximum
expansion or contraction rate during the time interval T for
a pair of neighboring phase space points at the initial time
to under advection by the flow map. Now, consider an
infinitesimal perturbation dw, for the point w,. After the
time interval 7, the perturbation denoted by dwy is

Swr = ¢ (wo + dwg) — ¢ (wy)
dp (w)

to

T Swo + O(||dwol[*),

w=wy

to+T
tp

matrix. By neglecting the higher-order terms O(||owy|?),
the magnitude of the perturbation becomes

[owr|| = +/owo, Adwy,

where A is a symmetric matrix given by

where the matrix d¢*" " (w)/dw is called the state transition

T
o [desTo0| ) deyTon)
dw dw
w=wy w=w

This is a finite time version of the (right) Cauchy-Green
tensor.

The maximum stretching occurs when dwj is chosen so
that it is aligned with the eigenvector of the maximum
eigenvalue of A, which we denote by Ay.(A). Let dwp be
an initial perturbation aligned with the eigenvector, and
it follows that

110_13]XH5WTH = \/Zmax (A)|| 6w |

The FTLE field 6" : D ¢ M — R associated with a finite
time 7' is defined by

T (wy) = ! In

1o - m /lmax(A)- (6)

In this paper, we choose 7y = 0 to compute the FTLE
field for the 4-body system, denoted as ¢”. In order to com-
pute the FTLE, following Tallapragada and Ross (2008),
Gawlik et al. (2009), Ross et al. (2010), we set a regularly
spaced rectilinear grid of tracers in a n-dimensional phase
space to advect the grid of tracers forward in time by the
fixed time 7" employing the Runge-Kutta-Fehlberg integra-
tor, as in Press et al. (1992). To compute the FTLE numer-

/0+T(

w)

ically, we need to discretize d’odT of Eq. (6) at each grid

point by the central difference approximation as

W),

1

7VVJ_AWJ,

" o (Wi w Awy l

)
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where w; and [¢}*" (w)] are components of w and ¢ (w),
respectively. The discrete size Aw; is chosen so that the esti-
mated truncation error of the matrix is smaller than the
chosen acceptable error ez, = 1077, Regarding the estima-

tion of the error, see Appendix A.

4.2. Lagrangian coherent structures

We recall the definition of an LCS as proposed by
Shadden et al. (2005), in which an LCS is defined by ridges
of the FTLE field ¢ (w). More formally, there exist two
different but similar definitions of the LCS, namely, it is
defined as a curvature ridge or a second-derivative ridge
of o7, while the second-derivative ridge is identical to or
a subset of the curvature ridge with local extrema of the
FTLE field. In this paper, we employ the definition of the
second-derivative ridge known as a simpler and convenient
one as follows. First, the Hessian of the FTLE field is given
by

_ d*a” (w)

)y
dw?

An LCS is defined as the second-derivative ridge of o7,
which is given by an injective curve ¢ : (a,b) — D that sat-
isfies, for each s, the following conditions:

1. The vector ¢/(s) is parallel to VT (c(s)).

2. X(n,n) = miny, - Z(u,u) < 0 is required, where n is a
unit normal vector to ¢(s) and X is regarded as a bilinear
form evaluated at each point c(s).

A ridge of the backward-time FTLE field, which one can
obtain by the negative integration time 7, is called the
attracting LCS that corresponds to the time-dependent
analog of the unstable manifold. A ridge of the forward-
time FTLE field with the positive integration time 7 is
the repelling LCS that corresponds to the stable manifold.
Note that, in this study, the integral time 7 is chosen suffi-
ciently long so that the particular LCS exists stationary.

4.3. FTLE field and LCS in the Moon-perturbed system

Here, we investigate the stable manifold, (i.e., the repel-
ling LCS), associated with the Lyapunov orbit of the
Moon-perturbed system. To do this, we define an instanta-
neous energy surface at f = 7y in the Moon-perturbed sys-
tem by

E(WEY) = {Ww = (%,,05,1y) € TOIE™ (X,3,0x,Uy,10) = E3' }.

In the above, i = (us, ) and E5* denotes a fixed value for
the energy at 7 = fy in the Moon-perturbed system.

Define a subspace U C E(u, ESF) at ¢ = 7y in the Moon-
perturbed system by

U, ESF) :={w = (X,5, 05, Ty) € E(,EF) | O =0,
x<1_ﬂ57j}:07ﬁ}”<0}' (7)

In order to see the FTLE field on the X-v;-plane, we can
locally introduce a projection

T (X, 9, U, Uy) > (X, Tg).
We show the FTLE field for the energy E5* = —1.5004 in

Fig. 7 Dby setting a 1000 x 1000 grid within
(%,7;) €10.993,1] x [—0.03,0.03] on the Poincaré section

Uy := n(U{) and the integral time 7 = 7. We do not com-
pute the collision points inside the Earth’s surface
6371 km, namely, |§ — ge| < 4.25875 x 107°; these points
are colored in black in Fig. 7. The overflow or underflow
points caused by the separations due to the Moon in the
FTLE computations are also colored in black. The instan-
taneous forbidden region is colored in white.

Here, recall from Section 2.2 that the notations l;’;E and
[; denote the i-th intersection of the stable manifolds
W35 and W g, respectively, with the subspace /. Namely,
I3} denotes the subset 7773 . N for the first intersection of
W5 and U, which is the stable manifold toward the E
region associated with the Lyapunov orbit L, on /. Note
that we use the same notation W3 and 1_";:% to describe
the stable manifold and the subset 73 NU as those for
the Sun-Earth-S/C 3-body system
Yoshimura (2014).

Fig. 7 shows some ridges that may correspond to several
intersections I3, and I} in Onozaki and Yoshimura
(2014) and may also represent a separation that originates
from the Moon. Moreover, we assume that the subset T ;’E
is homeomorphic to a circle.

in  Onozaki and

To detect the repelling LCS corresponding to I';§ in the

Moon-perturbed system, let us introduce the line /; on U,
at @ € [0,2n] defined by
I, ={(x,0x) € Uy | X =X, + rcos @,v; = v,
+rsin@,r € [0, rma] C R},
0.03 4.44

0.02

0.01

-0.03
0.993 0.994 0.995 0.996 0.9

T

: 0.39
0.998 0.999 1.000

Fig. 7. FTLE field in the Moon-perturbed system (7 = 7).
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where Fing, = 0.00009/1/(0.03 cos §)* + (0.003 sin 9)° and
(X, Txe) = (0.997,0.005) is a point properly chosen in U.
In order to extract the LCS on U,, we compute the values
of the FTLE on the line as illustrated in Fig. 8.

The repelling LCS may be obtained as the innermost
local maximum of the FTLE as in Fig. 8. The computation
of the FTLE and the extraction of the innermost ridge are
iterated as needed by subsampling the grid. We show the
LCS at each ¢ in Fig. 9. Set w' = (x,7,0;,0) =
(0.999368,0,0.005, —0.0958139) on the LCS as the initial
point at 7,. Thus we obtain a trajectory that approaches
the Lyapunov-like orbit around L, by forward integration
for #w' as shown in Fig. 10.

We also illustrate the cases in which the initial points are
given by:

W' = (X,3, 5, B;) = (0.999,0,0.005, —0.0732899),
W = (X, 7, s, 0;) = (0.9998,0,0.005, —0.187686),

where w' and w" are points located inside and outside the
LCS, respectively. In Fig. 10, the obtained trajectories are
shown to be transit and non-transit orbits associated with
w' and w", respectively.

Similarly, we can compute the repelling LCS for other
instantaneous energies £5°.

4.4. FTLE field and LCS in the Sun-perturbed system

Let us compute the attracting LCS corresponding to the
unstable manifold W}y in the Sun-perturbed system. We
use similar notation W3y for the unstable manifold in the
Sun-perturbed system as in the Moon-perturbed system
and we make use of local coordinates (x,y,v.,0v,,t) €
70 x R in the E-M rotating frame for all the computations.
First, define an instantaneous energy surface &(u, E;") C
T0 at t = ty in the E-M rotating frame by

4.5

4.0

3.5

The innermost loc
maximum

B 25

2.0

1.5

1.0 T

0.5 L~ L -
0.9970 0.9980 0.9990

T

Fig. 8. FTLE on the line /, in the Moon-perturbed system (7 = 7).
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Fig. 9. Repelling LCS on U, in the Moon-perturbed system (T = 7).
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Fig. 10. Transit and non-transit orbits in the Moon-perturbed system.

E(u,ERM) ={w=(x,,05,0,) € TOIE™ (x,y, 01,05, 10) = E" },

where E;" denotes a fixed value of the energy at ¢ = 7 in
the E-M rotating frame, which is chosen so that the Hill’s
region at ¢t =ty has a neck-like region. We define a sub-
space U C E(u, ;M) at ¢ = £ in the Sun-perturbed system
by

U, EZY) = {w = (x,3,0.,0,) € E(u, £ |
Om =2.55x <1 — uy,y=0,v, < 0}. (8)

Setting a rectilinear 1000 x 1000 grid within
(x,v,) €10.91,0.99] x [-0.5,0.2] on the Poincaré section
Uo := n(U), the FTLE field on U, for E;" = —851.53
and 7 = —7 is illustrated in Fig. 11. The instantaneous for-
bidden region is colored in white. We do not compute the
collision points inside the Moon’s surface 1737.5 km,
namely, |g — qy| < 4.52003 x 107?; these points are col-
ored in black in Fig. 11. We can assume that the ridges
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Fig. 11. FTLE field on Uj in the Sun-perturbed system (7 = —7).
in the FTLE field correspond to the i-th intersections of the
unstable manifolds defined by Iy, = Wi, NU and
= Whu NU.

As before, to extract the I')%, we set the line

l, ={(x,0x) € Uy | x =x.+rcos ¢,

Uy = Uy +7€0S @, 7 € [0, 7max] },

where  rpax = 0.014/\/(0.4 cos )’ + (0.035sin )>  and
(%ey ) = (0.955,—0.1) € Uy. The attracting LCS on U,
corresponding to the subset F;:’l(,[ can be computed as the
innermost local maximum of the FTLE on the line /,. The
computation and extraction are iterated, as in Section 4.3
by subsampling the grid. We show the FTLE on /; in
Fig. 12 and the extracted LCS in Fig. 13.

Setting  the initial  points W= (x,y,v,,v,) =
(0.981683,0,—0.1,—1.92901) € TQ on the LCS, the inte-
grated orbit is shown in Fig. 14. The orbit seems to be
asymptotic to a Lyapunov-like orbit in backward-time. If
we choose the initial points inside and outside the LCS as

wt = (x,¥, 0y, 0,) = (0.975,0, —0.1, —1.29225),
wh = (x,y, 1y, 0,) = (0.985,0, —0.1, —2.88393),

2.8 N N L L I
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2.6 maximum ']'
24 g
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~
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Fig. 12. FTLE on /, in the Sun-perturbed system (7 = —7).
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Fig. 13. Attracting LCS on Uy in the Sun-perturbed system (7 = —7).
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Fig. 14. Transit and non-transit orbits in the Sun-perturbed system.

as in Fig. 13, then the orbits in backward-time are transit
and non-transit orbits respectively, as illustrated in
Fig. 14. Hence it is clear that the LCS plays the role of sep-
aratrices in the Sun-perturbed system.

We also can compute the attracting LCS for the other
cases of the instantaneous energy E; at ¢ = .

5. Coupled 3-body system with perturbations and a low
energy Earth-Moon transfer

In this section, we propose a design method of a low
energy Earth-Moon transfer considering departure and
arrival conditions in the framework of the coupled 3-
body system with perturbations, referring to Onozaki
et al. (2016a,b). Of course, there are numerous candidates
of low energy transfers for the departure and arrival condi-
tions, and the global study for optimal transfers is an inter-
esting topic. However, we consider a particular case since
our main purpose here is to show how to design such a
low energy transfer for some given boundary conditions.
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We leave the study of the global optimization to future
work.

5.1. Family of departure trajectories in the Moon-perturbed
system

In this paper, we consider the case in which the space-
craft is initially located in a LEO (167 km,7.80713 km/s).
Then, the spacecraft is transferred from the LEO into a
departure trajectory by an impulsive maneuver with a
change in velocity magnitude AVg, where AV is produced
in the direction parallel to the tangent velocity of the LEO,
as in Fig. 15. The departure trajectory is chosen so that a
non-transit orbit is outside the stable manifold 5. in
the Moon-perturbed system. Otherwise, the spacecraft
would move away from the vicinity of the Earth along a
transit orbit. In this section, we construct the departure tra-
jectories as a family of non-transit orbits.

We choose the celestial angle at the maneuver as
Om = 0 rad, so the maneuver point on the LEO is set to

(%, 7,05, 0p) =(1 — pug — oy — 7LEO, 0, 0, =OLEO + PLEO)
—(0.999922, 0,0, —0.261750),

where 7 go = 4.37038 x 107> denotes the distance from the
Earth’s center to the spacecraft and v go = 0.261408 the
velocity of the LEO in the Moon-perturbed system. The
energy at the point can be obtained as Ef%, = —1.53409
by Eq. (3). The point wp after the maneuver is given by

(XD7)7D>B)7D7T))7D) = (1 — Mg — OCM.uM - fLEOaOaOa
— Dieo + PLeo — AVE)
— (0.999922,0,0, —0.261750 — AVg),

where the point wp is an initial point of the departure tra-
jectory. Denote the energy at the point wp by E;*. There-
fore, AVg is uniquely obtained by the energy E5*.

Since we require the departure trajectory from the initial
point wp to be a non-transit orbit, the point wp should be
outside 7% ;.. Let us find the energy range, or the maneuver
range, so that the point wp satisfies this condition. To do

v
M
Departure point 51\1
T
LEO
E
AV
S

Fig. 15. Configuration of departure point.

this, we use the Poincaré section defined in Eq. (7) and
investigate the stable manifold 75, on U, as described in
4.3.

We show the stable manifold l;éj‘; in the case of
ES® = —1.50043 in Fig. 16, which is the minimum energy

for f;ﬁi to emerge in the FTLE field. The LEO and the patch
point wp are also illustrated in Fig. 16. Since wp is outside
l;;:‘;z, the lower limit of the energy is chosen as
Ef; = —1.50043. This energy leads to AV = 3.189 km/s.
In Fig. 17, we also show TIL. in the case of
ES¥ = —1.50027, which is the maximum energy such that

wp is outside f;% Then, we can set the upper limit of the

energy as E}, = —1.50027 (AVg = 3.202km/s). There-

fore, we can define the energy range as £y < EY < Ebp,,,.
In this way, we construct the family of departure trajec-

tories parameterized by the energy £5°. Define the family of

the departure trajectories by

D(EE) = {¢,(iwp) € TO | o € &(u, EF),

E¥ e [EY EY 1}

Choosing 50 values for the energy ES* € [EYY [ EY ], the

family of the departure trajectories is obtain in Fig. 18.

5.2. Family of arrival trajectories in the Sun-perturbed
system

Consider another boundary condition for the spacecraft;
namely, we demand that the spacecraft is transferred from
an arrival trajectory into a LLO (100 km,1.63346 km/s)
by a correction maneuver AVy in the Sun-perturbed
system. The arrival trajectory is required to be a transit
orbit that is inside the unstable manifold W% ,,.

We set that the spacecraft arrives at

(xa% Uy, Uy) :(1 — fiy — 7100, 0,0, —vrro + T’LLO)
:(0.9830667 0,0, —1.58974)7

where 7110 = 4.78018 x 10~ indicates the distance from
the Moon’s center to the spacecraft and vy o = 1.59452
the velocity of the spacecraft on the LLO in the Sun-
perturbed system. In this paper, we choose the angle
Om = 2.55 rad on arrival, then the energy at the LLO point
is EfY ) = —852.703. We assume the correction maneuver is
produced in the direction parallel to the tangent velocity of
the LLO as in Fig. 19. Hence, the patch point wa before the
maneuver is obtained as

(XA YA, Vxa, Upa) =(1 — sy — 7100, 0,0, —0LL0 + 70 — AV M)
=(0.983066,0,0,—1.58974 — AV ).

If we define the energy at wa by £, then we can uniquely
determine the energy Ef)M associated with some correction
maneuver AVy. We will determine the energy range



K. Onozaki et al. | Advances in Space Research 60 (2017) 2117-2132 2127

0.05

0.995

_0.05
1.000 >

0.99991

0.99992

0.99993~0-010

Fig. 16. Lower boundary of non-transit orbits (ES* = —1.50043).

/ =
0.0 s
<~ S ~
-0.1
5 =0.2 4 \
-03 7 S 0.05
/ -
0.4 ;
0.985 Stable manifold \ \ _
Ui oo Vi
\‘ :

€T 0.995 I

Looo 008

avy
\\Patch point

0.99991

0.99992

0.010

0.99993~

Fig. 17. Upper boundary of non-transit orbits (E5* = —1.50027).

0.004 T T
N Lunar orbit

0.002

0.000

1= -0.002

-0.004

-0.006

—
7
S

=
s

-0.008

010 i
0.996 0.998 1.000 1.002 1.004 1.006 1.008 1.010

T

Fig. 18. Family of departure trajectories in the Moon-perturbed system
( ESF ¢ [EE | ES
[ D,

min ?* Dimax

(associated with AVy) so that the arrival trajectory is a
transit orbit.

Therefore, the patch point wa should be inside the
unstable manifold /7. To find a patch point that satisfies
this condition, we investigate the unstable manifold W3,

T— Ou LLO

E Arrival point

Fig. 19. Configuration of arrival point.

on the Poincaré section U defined by Eq. (8). In Fig. 20,
we illustrate the subset F;:'I(,[ for the case of
E;M = —851.528 (AVy = 0.634 km/s), which is the mini-
mum energy such that wy is inside ' é;(,[ The patch point
wa and the LLO are also illustrated in Fig. 20. Therefore,
we can determine the lower limit of the energy as
EJM = —851.528. Above the energy E;" = —851.528, all
arrival trajectories are considered to be transit orbits. Thus,
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Fig. 20. Lower boundary of transit orbits (E}" = —851.528).

the upper limit of the energy E}” = —851.493 is
determined by AVy = 0.65km/s. The subset F;:'fvl at
EfM — —851.493 is shown in Fig. 21. Hence, the energy

to
range is obtained by Eﬁﬁ < E,EOM < EQY .
Here, we use backward integration to construct the arri-
val trajectory that starts at the patch point wa. The family
of arrival trajectories is obtained by parameterizing the

energy E;", which is given by

AE) = {8, (wa) € TO | wa € E(u, EY),

Ey" € Ep Exnl)-

In Fig. 22, we show the family of the arrival trajectories
associated with 50 values of E;".

5.3. Design of low energy transfer from LEO to LLO

In this section, we show how to construct the transfer
orbit from the LEO to the LLO. We choose one trajectory
from the family of departure trajectories and one from the
family of arrival trajectories, and we obtain the LEO-LLO
transfer by patching two trajectories together with a
maneuver AVp.

15 -
1.0
> 05
E /’
0.0 |--@ //
m(wa)
-0.5

0.0 0.4 0.8 1.2 1.6
x

Fig. 22. Family of arrival trajectories in the Sun-perturbed system
(E{;;M € [EM M )

™ Amax

Let us consider both families (i.e., the departure and arri-
val trajectories) in the same S—Bgy rotating frame in order
to find appropriate trajectories. In Fig. 23, we show the

family of arrival trajectories p(A(E;")) at Oy = 2.55 rad
in addition to the family of departure trajectories D(E;")
at Oy = 0 rad.

0.98337002

Fig. 21. Upper boundary of transit orbits (E}" = —851.493).



K. Onozaki et al. | Advances in Space Research 60 (2017) 2117-2132 2129

0.006 T T T
Lunar orbit
0.004
Arrival trajectories
0.002
i O \ ~
W U
0.000 oo i ;
= \
-0.002 \
-0.004 :
Departure trajectories
-0.006

008
0.996 0.998 1.000 1.002 1.004 1.006 1.008 1.010
x
Fig. 23. Departure and arrival trajectories in the S-Bgy rotating
coordinate.

Let w = (%, 7, Us, 0y, Om) € TO x S' be a local coordinate
in the extended space and let 7 : TQ x §' — TQ be the pro-
jection map: 7(w) = w. To determine a patch point, set the
Poincaré section on the X axis as

U= {(%,9,05,05,0m) €TOxS" | x> 1— g,y =0,0, > 0}.
We show the family of departure trajectories crossing
the section U given by 7' (D(E;*)) N and the subset of
the arrival trajectories 7' (@(A(EL"))) NI In Fig. 24,
the subsets of departure trajectories are colored in blue
and the arrival trajectories in red in Xx-Oy-0; space.
Fig. 25 illustrates the same subsets in X-0y-3; space. Define
the patch points by
~ E SE ySE SE SE HSE) ~71(ID(E.?SOE)) ﬂﬁ
and

WEM = (3EM HEM GEM M NN 1(¢(A(E;90M)))ﬂﬁ

If we let 7: 7O x ' — O x §', then the patch points are
X.EM )_/'SE

chosen so that T(wF) = T(wfM) : ¥5¢ — JEM and

1.00505

T

1.00510

Fig. 24. Departure and arrival trajectories in ¥-Oy-0; space.
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\\\/ Patch points

/ e

1.00505

T
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Fig. 25. Departure and arrival trajectories in ¥-0y-7; space.

03E = 0EM. Thus, the patch points are determined for the
departure trajectory as
~ SE ySE SE SE GSE)
= (1.00507, 0, —0.0113680, 0.0175449,4.96074),
and for the arrival trajectory as
WE xEM yEM 7EM
= (1.00507, 0, —0.0121205, 0.0184927,4.96074).

The maneuver to patch the departure and arrival trajec-
tories is required as AVp = 0.036 km/s.

The departure trajectory can be computed from the ini-
tial point as

(0.999922, 0,0, —0.368963, 0),
where the energy is E;° = —1.50027. It follows that

AVg = 3.202 km/s. The final point of the arrival trajectory
in the S-Bgy rotating frame is given by

(0.997900,0.00140873,0.0249961,0.0372041,2.55).

(¥p, ¥, U, Uyps Omp) =

(XA, YA, Tsa, Dya, Ona) =

The energy of the arrival trajectory is E;" = —851.511;

hence, the maneuver is AVy = 0.642 km/s.
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Fig. 26. Transfer from LEO to LLO in the S-Bgy rotating system.
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Fig. 27. Transfer from LEO to LLO in the E-M rotating system.

Table 1

Maneuver (AV [km/s]) and flight time (7 [d]).
Transfer AVe AV AVp AVt T
Hohmann 3.141 0.838 — 3979 5

WSB (Belbruno and Miller, 1993) 3.161 0.648 0.029 3.838 160
Proposed transfer 3202 0.642 0.036 3.880 100

We illustrate the obtained transfer from LEO to LLO in
the S-Bgy rotating frame in Fig. 26 and also that in the
E-M rotating frame in Fig. 27. In this transfer, we require
a total maneuver of AV =AVg+AVp+ AV =3.880km/s
and a flight time of 7 = 100 d.

Finally, we compare the proposed transfer with the
Hohmann transfer and the WSB transfer of Belbruno
and Miller (1993) in Table 1. We obtain the Hohmann
transfer as the elliptic orbit connecting the LEO with the
lunar orbit. As in Table 1, it follows that the total maneu-
ver of the proposed approach is 0.099 km/s less than the
Hohmann transfer though the flight time of our transfer
is much greater than that of the Hohmann transfer.
Comparing our transfer with the WSB transfer, the total
maneuver is 0.042 km/s greater than that of the WSB,
while the flight time is less by 60 d.

6. Conclusions

We have shown the design of a low energy transfer from
the Earth to the Moon for the restricted 4-body system in
the context of coupled 3-body system with perturbations.
Specifically, we have regarded the Sun-Earth-Moon-S/C
system as a coupled system of the Sun-Earth-S/C system
perturbed by the Moon (the Moon-perturbed system)
and the Earth-Moon-S/C system perturbed by the Sun
(the Sun-perturbed system), and the coupling process has
been made based on tube dynamics. The main advantage
of this model is that one can apply the conventional
method of the coupled 3-body problem to the coupled per-
turbed 3-body system. One can obtain the analogs of the

invariant manifolds of the perturbed 3-body system by
using the technique of Lagrangian Coherent Structures
(LCS), and one can also make use of their tube structures
to design the low energy trajectories. To do this, we have
computed the FTLE field to detect the LCS as second-
derivative ridges by estimating the higher-order errors,
and we have shown that the stable and unstable manifolds
of the perturbed 3-body system separate orbits into transit
and non-transit orbits as in a 3-body system. Furthermore,
we have investigated the boundary conditions for designing
a low energy transfer, in which the spacecraft departs from
a LEO and arrives into a LLO and we have constructed
families of departure and arrival trajectories. Finally, we
have constructed a low energy transfer from the Earth to
the Moon by patching together the departure and arrival
trajectories, and the transfer required total maneuvers sum-
ming to 0.099 km/s less than in a comparative Hohmann
transfer. In comparison with the WSB transfer, the pro-
posed transfer leads to a significantly shorter flight time,
albeit, a slightly higher maneuver cost of 0.043 km/s.
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Appendix A. FTLE with estimation of truncation errors

Recall that the FTLE is computed from the state transi-
tion matrix, the elements of which may be approximated
numerically by a central difference. The numerical error
of the matrix could cause a significant error for the FTLE
computations, in particular, near certain singular points.
Here, we estimate the truncation errors for the state transi-
tion matrix and choose the matrix so that the truncation
error can be sufficiently smaller than some value that we
set. The round-off errors in the state transition matrix are
not considered since the truncation errors dominate the
round-off errors for the quadruple precision numbers in
this study.

If we let [ "’”(w)] be the ith component of ¢*"(w),

then the state transitlon matrix is

alg0 " (), alg " ()],
'’ (w) 1
dw N : .
0[(/)2”(@]” w"‘”< W)
owy dwn
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10+T

The element "T is approximated by a second-order

central difference s;;. If the central difference is given by a
spatial discrete size Aw;,

fo o i

[¢’°+T(w1,.. Wi Awy, ,w,,)]l_ — [d)/“”(w],. W= Aw, o wy)]
Sij = )
24w,

then we can write

8 to+T - 83 to+T )
ol W, _ 1 MAW_? +O(Aw).

awj =S 6 6W/3 (Al)

Now, we approximate the element by the central difference
5, with another spatial discrete size Aw;(< Aw;),

g ), 12T w)

fo fo

=5y EAW? 4+ O(Aw! A2

ow; i ow; j+O@w),  (A2)
where
o [d):g”(wl,...,wj-i—ij,...,wn)]i - [qﬁiﬁ”(wl,. oW —Awy,. i),
Su= ZAWJ-
Thus, the truncation error € is given by
_ 1P W), < oy
&= BO—waWj + O(Aw)). (A.3)

We take the difference between Eqs. (A.1) and (A.2):
183[ to+T(W)]i

fo

2 A2 4 AaA
Sij =5~ ow? (Aw; = Awy) + O(Aw; — Aw;) =0.

Ignoring the quartic and higher terms in the above equa-
tion, we obtain the following expression.

o’ [¢;8+T(W)]i ~ 6(Sij —fij)
ow? (Aw? — Aw?)”

J

(A4)

By inserting Eq. (A.4) into Eq. (A.3) and removing the
quartic and higher terms, the truncation error is obtained as
T
€ij ~ Sij —Sij) T 5w oy

(Aw? — Aw?)
In this paper, we assume that the discrete size is uniform
for all elements, that is, Aw; = Aw; (i,j=1,...,n). We
define an acceptable error by ery;. If the truncation error
is smaller than the acceptable error,

H}?_X|EU| < €roL, (AS)
then we employ the central difference 5;; in the computation
of the FTLE. Otherwise we calculate the truncation error
again by using a new smaller discrete size until Eq. (A.5)
is satisfied.
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