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ABSTRACT

The transport of material in geophysical fluid flows is a problem with important implications

for fields as diverse as: agriculture, aviation, human health, disaster response, and weather

forecasting. Due to the unsteady nature of geophysical flows, predicting how material will be

transported in these systems can often be challenging. Tools from dynamical systems theory

can help to improve the prediction of material transport by revealing important transport

structures. These transport structures reveal areas of the flow where fluid parcels, and thus

material transported by those parcels, are likely to converge or diverge. Typically, these

transport structures have been uncovered by the use of Lagrangian diagnostics. Unfortu-

nately, calculating Lagrangian diagnostics can often be time consuming and computationally

expensive.

Recently new Eulerian diagnostics have been developed. These diagnostics are faster and

less expensive to compute, while still revealing important transport structures in fluid flows.

Because Eulerian diagnostics are so new, there is still much about them and their connection

to Lagrangian diagnostics that is unknown. This dissertation will fill in some of this gap and

provide a mathematical bridge between Lagrangian and Eulerian diagnostics.

This dissertation is composed of three projects. These projects represent theoretical, nu-

merical, and experimental advances in the understanding of Eulerian diagnostics and their

relationship to Lagrangian diagnostics. The first project rigorously explores the deep math-

ematical relationship that exists between Eulerian and Lagrangian diagnostics. It proves

that some of the new Eulerian diagnostics are the limit of Lagrangian diagnostics as integra-



tion time of the velocity field goes to zero. Using this discovery, a new Eulerian diagnostic,

infinitesimal-time Lagrangian coherent structures is developed. The second project develops

a methodology for estimating local Eulerian diagnostics from wind velocity data measured

by a fixed-wing unmanned aircraft system (UAS) flying in circular arcs. Using a simulation

environment, it is shown that the Eulerian diagnostic estimates from UAS measurements

approximate the true local Eulerian diagnostics and can predict the passage of Lagrangian

diagnostics. The third project applies Eulerian diagnostics to experimental data of atmo-

spheric wind measurements. These are then compared to Eulerian diagnostics as calculated

from a numerical weather simulation to look for indications of Lagrangian diagnostics.
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GENERAL AUDIENCE ABSTRACT

How particles are moved by fluid flows, such as the oceanic currents and the atmospheric

winds, is a problem with important implications for fields as diverse as: agriculture, aviation,

human health, disaster response, and weather forecasting. Because these fluid flows tend

to change over time, predicting how particles will be moved by these flows can often be

challenging. Fortunately, mathematical tools exist which can reveal important geometric

features in these flows. These geometric features can help us to visualize regions where

particles are likely to come together or spread apart, as they are moved by the flow. In

the past, these geometric features have been uncovered by using methods which look at

the trajectories of particles in the flow. These methods are referred to as Lagrangian, in

honor of the Italian mathematician Joseph-Louis Lagrange. Unfortunately, calculating the

trajectories of particles can be a time consuming and computationally expensive process.

Recently, new methods have been developed which look at how the speed of the flow changes

in space. These new methods are referred to as Eulerian, in honor of the Swiss mathematician

Leonhard Euler. These new Eulerian methods are faster and less expensive to calculate, while

still revealing important geometric features within the flow. Because these Eulerian methods

are so new, there is still much that we do not know about them and their connection to the

older Lagrangian methods. This dissertation will fill in some of this gap and provide a

mathematical bridge between these two methodologies.

This dissertation is composed of three projects. These projects represent theoretical, nu-

merical, and experimental advances in the understanding of these new Eulerian methods



and their relationship to the older Lagrangian methods. The first project explores the deep

mathematical relationship that exists between Eulerian and Lagrangian diagnostic tools. It

mathematically proves that some of the new Eulerian diagnostics are the limit of Lagrangian

diagnostics as the trajectory’s integration times is decreased to zero. Taking advantage of

this discovery, a new Eulerian diagnostic is developed, called infinitesimal-time Lagrangian

coherent structures. The second project develops a technique for estimating local Eulerian

diagnostics using wind speed measures from a single fixed-wing unmanned aircraft system

(UAS) flying in a circular path. Using computer simulations, we show that the Eulerian

diagnostics as calculated from UAS measurements provide a reasonable estimate of the true

local Eulerian diagnostics. Furthermore, we show that these Eulerian diagnostics can be

used to estimate the local Lagrangian diagnostics. The third project applies these Eulerian

diagnostics to real-world wind speed measurements. These results are then compared to

Eulerian diagnostics that were calculated from a computer simulation to look for indications

of Lagrangian diagnostics.
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Chapter 1

Introduction

1.1 Background

The transport of material in geophysical 
uid 
ows is a problem with important implications

for �elds as diverse as: agriculture [1, 2, 3, 4], aviation [5, 6], human health [7, 8], disaster

response [9, 10], and weather forecasting [11]. Due to the unsteady nature of geophysical


ows, predicting how material will be transported in these systems can often be challenging.

Tools from dynamical systems theory can help to improve the prediction of material transport

by revealing important transport structures. These transport structures reveal areas of the


ow where 
uid parcels, and thus material transported by those parcels, are likely to converge

or diverge. A demonstration of this can be seen in �gure 1.1. The top image shows the wind

velocity �eld along the 925 mb pressure surface from a simulation of the global atmosphere.

Looking at this image, it is di�cult to predict how material advected by this 
ow will spread.

The bottom image shows this 
ow's backward-time �nite-time Lyapunov exponent (FTLE)

�eld, for an integration period of 24 hr. The transport structures of this 
ow show up in

yellow, it is these yellow regions where material will likely converge over the subsequent 24

1
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hr period.

Figure 1.1: Top: Wind velocity �eld along 925 mb pressure surface from a simulation of the
global atmosphere, approximately 760 m above sea level. Bottom: Backward-time FTLE
�eld, with an integration time of 24 hr. Regions in yellow are where 
uid parcels are most
likely to converge over the next 24 hr.

The diagnostics used to locate these transport structures have historically been Lagrangian

in nature, such as FTLE and Lagrangian coherent structures (LCSs). The FTLE provides

a measure of how much 
uid parcels stretch over an integration period. LCSs, on the other

hand, are co-dimension 1 material surfaces which represent the material lines where 
uid
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parcel stretching is maximized; as such they are often identi�ed as ridge-lines of the FTLE

�eld. Being Lagrangian, these tools require the integration of 
uid parcel trajectories. This

reliance on trajectory integration makes Lagrangian diagnostics time consuming to calcu-

late and computationally expensive. Additionally, the accurate integration of 
uid parcel

trajectories requires a velocity �eld which is su�ciently resolved in both time and space.

While this requirement is not a major obstacle for the analysis of ocean surface 
ows, due to

velocity measurements from devices such as high frequency radar and satellites, it is prob-

lematic for atmospheric and subsurface oceanic 
ows. This means that the analysis of these


ows rely on the use of velocity �elds from numerical models. Numerical models themselves

take time to compute, which limits their usefulness in real-time applications. Additionally,

numerical models can be computationally expensive, may not accurately capture sub-grid

scale phenomena, and at best are still an approximation of the true situation.

Over the past few years new Eulerian diagnostics, such as objective Eulerian coherent struc-

tures (OECS) [12] and the trajectory divergence rate [13], have been developed. These

Eulerian diagnostics are based on gradients of the velocity �eld, rather than 
uid parcel

trajectories. As such, Eulerian diagnostics are faster to compute and less computationally

expensive. Furthermore, as will be shown in chapter 4, these diagnostics can be calculated

from velocity data at as few asn + 1 points in an n-dimensional space and 1 point in time.

This makes them easy to calculate from experimental measurements of geophysical 
ows,

such as those in the atmosphere.

Due to their relative novelty, there is still much that is unknown about the relationship be-

tween Eulerian and Lagrangian diagnostics. It is at this interface of Eulerian and Lagrangian

analysis that this dissertation makes an impact. In particular this dissertation will:

� prove rigorous mathematical connections between Lagrangian and Eulerian diagnostics

for n-dimensional systems,
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� formulate a new Eulerian diagnostic, the in�nitesimal-time LCS (iLCS),

� explore the ability of Eulerian diagnostics to detect Lagrangian dynamics,

� develop a new method to measure local Eulerian diagnostics using a single �xed-wing

unmanned aircraft system (UAS),

� apply new Eulerian diagnostics to real-world experimental data, combining UAS and

ground-based measurements, to look for indications of LCSs.

These developments are presented over the course of three chapters. These chapters can be

thought of as representing theoretical, numerical, and experimental advances in the �eld of

dynamical systems theory, focusing on the relationship between Eulerian and Lagrangian di-

agnostics. Each of these three chapters has either been published, submitted for publication,

or is currently in preparation for journal submission.

1.2 Governing equations

This dissertation examines the dynamical system,

d
dt

x(t) = v(x(t); t); (1.1)

x0 = x(t0); (1.2)

x(t) 2Rn ; t 2 R; (1.3)

wherex(t) is the position of a 
uid parcel at time t, v(x(t); t) is the velocity of the 
uid 
ow

at position x(t) at time t, and R is the set of real numbers.
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Analysis of this system by Lagrangian methods begins with calculating the 
ow map,

F t
t0

(x0) = x0 +
Z t

t0

v(x(t); t) dt: (1.4)

Taking the gradient of the 
ow map, the right Cauchy-Green strain tensor is then calculated,

C t
t0

(x0) = r F t
t0

(x0)T � r F t
t0

(x0); (1.5)

with ordered eigenvalues,� 1 < ::: < � n , each of which is associated with a normalized

eigenvector,� � i ; i 2 [1; n]. From the largest eigenvalue of the right Cauchy-Green strain

tensor, � n , the FTLE �eld is derived,

� t
t0

(x0) =
1

2jt � t0j
log (� n (x0)) : (1.6)

Ridges of this �eld can then be identi�ed as LCSs. While there are di�erent mathematical

de�nitions for what constitutes a ridge, a ridge-line can be thought of as the generalization of

the concept of a local maxima. Following [14], this dissertation identi�es LCSs as C-ridges of

the FTLE �eld. C-ridges are ridge-lines of the FTLE which are orthogonal to the direction

of maximal stretching. Mathematically, they are de�ned as,

� > 0; (1.7)

r � � � � n = 0; (1.8)

(H � � � � n ) � � � n < 0; (1.9)

where H � is the Hessian matrix of the FTLE �eld. C-ridges are advantageous over other

forms of FTLE ridges, as they only rely on invariants of the Cauchy-Green strain tensor and

were shown in [14] to be equivalent to the variational de�nition hyperbolic LCSs described



6 Chapter 1. Introduction

in [15].

The main contributions of this dissertation are based the use of Eulerian methods and the

connection between Eulerian and Lagrangian diagnostics. These Eulerian methods derive

primarily from the Eulerian rate-of-strain tensor,

S(x0; t0) =
1
2

�
r v(x0; t0) + r v(x0; t0)T

�
; (1.10)

with ordered eigenvaluess1 < ::: < s n . The minimum eigenvalue,s1, is the attraction rate;

while the maximum, sn , is the repulsion rate.

1.3 Research overview

This dissertation presents the results of three research projects over the course of three

chapters. These chapters each advance the understanding of material transport in a distinct

way.

Chapter 2 is largely a theoretical work, with some numerics. This chapter builds a mathe-

matical bridge between traditional Lagrangian diagnostics and newer Eulerian diagnostics.

It lays out rigorous mathematical proofs which show that the attraction rate is the limit of

the backward-time FTLE and the repulsion rate is the limit of the forward-time FTLE as the

integration time goes to zero. Building upon this discovery, a new Eulerian diagnostic, iLCS,

is formulated. In addition to this, equations for higher order approximations to the FTLE

are derived using Taylor series expansions and Rivlin-Ericksen tensors. These advances are

then applied to a series of examples, including standard analytical models used in the LCS

literature, a realistic geophysical 
ow, and two 3-dimensional analytic 
ows. This chapter

is currently being prepared for journal submission to eitherChaos, PhysicaD, or Nonlinear
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Dynamics.

Chapter 3 is mostly a numerical work. This chapter lays the groundwork for being able to

detect LCSs from a single �xed-wing UAS. Towards this end, a new algorithm is developed

which calculates the gradient of a scalar �eld from measurements taken along a circular

arc. An observing system simulation experiment (OSSE) is then conducted to determine if

it is possible to use wind velocity measurements from a circling UAS to approximate local

Eulerian diagnostics at the center-point of the UAS orbit. After this, a parametric study is

performed to determine if it is possible to utilize Eulerian diagnostics to infer Lagrangian

dynamics. Finally, these two ideas are combined to see if is possible to infer local Lagrangian

dynamics from UAS measurements. This chapter has been submitted to the journalSensors

for publication.

Chapter 4 is an analysis of experimental measurements and numerical models. Over the

summer of 2018, an experimental campaign was conducted in the San Luis Valley, Co, in as-

sociation with the with the International Society for Atmospheric Research using Remotely-

Piloted Aircraft conference [16], where UASs and ground-based sensors were used to measure

local atmospheric conditions. During this campaign several missions were conducted which

simultaneously measured the atmospheric velocity at three points. From these measure-

ments, the gradient of the local atmospheric velocity is able to be approximated. This then

allows for the calculation of the Eulerian rate-of-strain tensor and hence Eulerian diagnostics.

These calculations are then compared to Eulerian diagnostics computed from a numerical

atmospheric 
uid model of the San Luis Valley in order to look for signs of LCSs. This

chapter has been published in the journalSensors[17].
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1.4 Research not covered in this dissertation

This section presents an overview of the projects that have been pursued over the past

four years, but did not become a core component of this dissertation. Some these projects

morphed into projects that did become central to this dissertation, others were passed over

in favor of more productive lines of research, and still others, while fruitful, were simply

beyond the scope of this dissertation. However, all these projects are worth mentioning and

have contributed to the institutional knowledge of Ross Dynamics Lab.

1.4.1 3D atmospheric Lagrangian coherent structures

The study of 3D atmospheric LCSs was originally intended to be a rather signi�cant portion

of this dissertation. Many months were spent learning how to setup and run the realistic

Weather Research and Forecasting (WRF) model [18]. Unfortunately, the challenges of

accurately �ne tuning a model with scores of parameters were beyond the scope of current

lab research. In its place, the output from other models were used, such as the North

American Mesoscale (NAM) WRF model, which had been used in previous lab research.

Additionally, model results provided by more experienced atmospheric modelers, such as Dr.

Hosein Foroutan at Virginia Tech and Nevio Babic and Ross Palomaki at the De Wekker lab

at the University of Virginia, have also been used. Still, this line of research produced many

interesting results. Analysis of the 3D backward-time FTLE �eld from a convective boundary

layer (CBL) simulation showed that LCSs can likely be used to track the entrainment of

material from ground level into the atmosphere. This can be seen in animations FTLE

�eld video and FTLE isosurface video, stills of these animations can be found in �gures 1.2

and 1.3. These animations show that regions of elevated FTLE values tend to be advected

upward. These elevated FTLE values are likely associated with convective plums. Looking
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at the statistics of the 3D backward-time FTLE �eld, �gure 1.4, showed that there were

clear elevations of FTLE values at the top and bottom of the CBL. This suggests that 
uid

parcels can be expected to converge towards either the ground or the top of the CBL. An

animation of these FTLE statistics along with the variance of the velocity �eld can be found

at FTLE statistics video. Additionally, �gure 1.5 shows the intersection of attracting and

repelling 3D LCSs, highlighting saddle-point-like behavior in the CBL. An animation of this

intersection can be found at LCS saddle video. Note how the LCSs and tracers converge to

the top of the CBL over time. This line of research culminated in the fall of 2018, with the

extraction of 2-dimensional attracting LCSs using wind velocity data from a portion of the

NAM model over Blacksburg VA. This result can be found in �gure 1.6, which shows both

horizontal and vertical LCSs. Previous work had typically assumed atmospheric LCSs would

be vertical structures due to the horizontal wind components being two orders of magnitude

greater than the vertical wind component, on average.

In addition to these results, studying the mathematics of 3D LCSs directly lead to the

formulation of iLCS during the summer of 2018. This was done by applying methodology of

n-dimensional LCSs to Eulerian diagnostics �rst began in [12]. iLCS form a prominent part

of this dissertation and are discussed in chapter 2.

This 3D LCS research resulted in a talk at the 2017SIAM Conference on Applications of

Dynamical Systems[19].

1.4.2 Detection of atmospheric Lagrangian coherent structures

via sonic detection and ranging

The detection of LCSs from experimental data has been a focus of research since starting

in the Ross Dynamics Lab. Earlier on, access to sonic detection and ranging (SoDAR) data
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Figure 1.2: 3D backward-time FTLE �eld from a CBL simulation. Colorbar has units
of s� 1. An animation of this 
ow can be found at https://www.youtube.com/watch?v=
mTmdv-Kvz7Y.

led to the idea of using multiple SoDAR units to measure a volumetric 3D velocity �eld.

These velocity measurements would then be analyzed to attempt to detect the passage of

LCSs through the sampling area. Due to a limited number of available SoDAR devices,

the decision was made to explore whether a single SoDAR could be be used to detect LCSs

passing through the sampling area. This idea was tested using a WRF large eddy simulation

(LES). A simulated SoDAR model was formulated which took a 1-dimensional velocity pro�le

from the WRF-LES and assumed horizontal homogeneity (i.e., the wind velocity was not

changing in the horizontal plane). This was then used to calculate an FTLE �eld.

Results from these e�orts seemed to suggest that a single SoDAR might indeed be used to

detect LCSs. This can be seen in �gure 1.7, which shows the results of a simulated SoDAR

numerical experiment. The left hand side shows a time series of the FTLE �eld as calculated

from velocity measurements performed by a simulated SoDAR. The right hand side shows
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